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Abstract

The 2x 2 games, the the simplest of all games, serve as the worlghorse
of applied game theory. Robinson and Goforth[10] introdlaeystematic,
topologically-based treatment of the relations among @22 strictly
ordinal games, but there is no systematic general treattnanincludes
games with ties. This paper introduces a systematic toprathg-based
approach to the the entire set of 1413 ordinal games. Thenilys
ordinal 2x 2 games are located relative to the strict-ordinal gameseso
properties of the topological space are described and d sampling of
observations based on the method is provided.

1 Introduction tothe Nonstrict Games

2 x 2 games are characterized by 8 numbers, and the space a@f games is
therefore an infinite 8-space. The most familiar classificatlivides the space
by restricting attention to games which differ ordinallyelRions among the 144

strictly ordinal 2x 2 games have been presented systematically in Robinson and

Goforth [10] using a preference-based topolégyhis paper introduces a topo-
logical approach to the the set of non-strictly ordinal 2 games, which is to say
ordinal games including those with ties.

Games with ties are very often used as illustrations and pegmental stud-
ies. Lacking in most treatments is a rigorous notion of wlaahgs are similar to
the example. Without a notion of similarity - a topology -uks are little more

1Rapoport and Guyer[8] provided an earlier and much lessaigopartial treatment.

than anecdotes. It is necessary to examine the neighbalidgf@game to check
the robustness of solutions in the face of perturbationdhénpayoff structure.
Small perturbations may change the equilibrium payoffstmategies. Results
may be sensitive to some perturbations and not others. Elien an equilibrium
payoff changes, equilibrium strategies may fot.

After a brief review of the literature in section 2, we intcme the topological
approach for strictly ordinal games in section 3. In sectlone extend the ap-
proach to allow for ties. Section 5 provides a classificatibgames with ties and
describes the relationships among the subspaces.

2 Literature

Rapoport and Guyer [8] publishedl Taxonomy of the 2x2 Games in 1966, fol-
lowing it in 1967 withThe 2x2 Game[9] a book written with D.G. Gordon which
extended the results and reporting a considerable amouwsthpirical research.
Their work was taxonomic, which is to say they proposed a beested cate-
gories largely based on solution concepts. If there was argorhstrategy, for
example, the games belonged to one class; if not they bedaiogenother. They
offered the now-standard observation that there are 7&gtecally distinct strictly
ordinal 2x 2 games3 Barany, Lee and Shubik [1] classified the 78 distinct 2x2
games using only 24 distinct graphs on four by four grids. By, they did not
take into consideration the players’ individual strategaad did not consider the
structure of the game important.

In 1986 Fraser and Kilgour [2, 3] extended the taxonomic ag@gi to non-
strict games, following the analysis wigtiTaxonomy of All Ordinal 2x2 Games[4]
in 1988. They also developed a new system for numbering theegdased on
patterns in the payoffs rather than the supposed behaviqayers. Using the
counting rules proposed by Rapoport and Guyer, they coadltidere were 726
ordinal games when games with one or more ties are includetused a com-
puter program to classify them.

2See the final chapter of [10] for an example of a systematisiteity analysis of a familiar
result.

3There are 576 ways to create strictly ordinal bimatricesic&iswapping rows or columns
should not affect the game the number can be reduced by a faicfour. If players are also
interchangeable half of the non-symmetric games can alsbsgarded. Interchangeability is a
strong assumption and it has deleterious effects on anyptt® identify relationships among the
games. For a fuller discussion sBee Topology of the 2x2 Games. a new periodic table.



In 1990 Kilgour and Fishburn [5] extended the analysis tovafior intransitive
preferences. Transitivity requires thaaif- b > cthena > c. If we allowa > b >
¢ > awe have cyclic preferences. In most economic analysis sygieruled out,
but it can be argued that a reasonable person might stilbéxyiclic preferences.
Whether the argument is convincing or not it introduced adiitamhal variety of
games to consider. Robinson and Goforth introduced a diffeapproach in a
series of conference papers beginning in 2001. Beginnitigtive question ‘what
does it mean for games to be near each other?’ they go on tomaglationships
among games in a topological space based on the preferdatienfd0]. This
paper extends their approach to the non-strictly ordinalem

3 Thetopology of the 2 x 2 games

Before extending the topological treatment of the striotiginal games to games
with ties we set the scene with a brief introduction to theotogical space of the
2 x 2 games. The presentation is based on Robinson and Gof6ith [1

Every 2x 2 game is related to every other in the sense that some traresfo
tion converts the payoff structure for one into the payafiisture for the other. A
complete graph, showing all 10226 transformations amoadl# games edges
would be easy to create but essentially useless. To defineingéal neighbour-
hoods, the key step in defining a topological space, we neetiamacterize the
smallest significant change in the payoff matrix.

Happily, preferences as we think of them in economics peeidough struc-
ture to induce a topology on the ordinak2 games. Obviously a change affecting
the payoffs of one player is smaller than a change affectilogaiayers. The clos-
est games are therefore those games that differ only in teatadl change has
been made in the sequence of the four numbers describingdhmbpayoffs for
one player. The topology thus induced is rooted in the sireaf preferences.

3.1 Theswap operator for strictly ordinal games

Let the payoff least preferred by the row player R be desgphafith ordinal 1 and
the most preferred with a 4.If the least preferred outcome becomes more and
more attractive to R, it will eventually be preferred to th&éamme with ordinal
2. When this switch in preference occurs, the effect on th@fbanatrix is to

4Defining the first ordinal as the one corresponding to the &bwesal payoff provides the most
convenient basis for graphing games in ordinal payoff space
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exchange the positions of the 1 and 2 in the matrix for the Riayegn. Ry» =
{1—2AND 2— 1} for Row This is an example of a minimal transformation of
one strictly ordinal game to another.

Changes like this in the payoffs might result framall changes in informa-
tion, preferences, or technology, or might result from $raabrs in identifying
games. A player might, for example, receive a very small athotinew infor-
mation. She might then reconsider the outcome she had alligianked 1, and
decide that it is slightly better than she first thought, drat it is superior to the
outcome she had previously ranked 2. She would naturalpedithe two out-
comes, resulting in a different payoff matrix, and hencefadint game. The new
game is close to the old game in that it is reached as a resuirofall perturbation
in one player’s information set. The game is also close irsthese that it might
be mistaken for the original game or it might evolve into tiieeo as a result of a
small exogenous change in the underlying technical canmifi
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Figure 1: Example: The swdp » exchanges the ordinal values for the two lowest-
ranked outcomes for the row player

Figure 1 illustratedRy », a ‘1 for 2’ swap for the row player in the Prisoner’s

SNotice that swaps are independent of the payoff matrix siracand applied to the ordinal
payoffs wherever they appear in the payoff matrix.



Dilemma®. There are six such minimal exchanges:

s {Xjlie{1.3},j=i+1,Xe{RC}}

{R12,R23,Ra4,C12,C23,Ca4}

where§; changes the rank of the outcome originally rankég the playerSto
rank j and the rank of the outcome originally rank¢do ranki. The six row
and column swaps applied to a given strictly ordinal gamegae the six nearest
strictly ordinal neighbours.

A combined swap operation in which the same swap is made ot and
the column players is a symmetric operati§n, A symmetric operation preserves
symmetry if symmetry is present initially. Under symmeteerations, the sym-
metric games form a subspace. In addition, symmetric opesabeginning with
non-symmetric games generate other subspaces of interest.

3.2 theperiodictable

Repeated applications of the swap operators will genergragh that includes
every conceivable 2 strict ordinal game. The graph displays useful periogicit
and symmetries that allow the games to be arrayed systaihatiRobinson and
Goforth call the resulting table “the periodic table of the 2 games” and show
that it can be used to predict the properties of games anggrafugames.

Figures 6 to 9 show a very convenient arrangement of ordgrhgréor the
144 games produced this way/footnote. There are four “HEyef 36 games.
Layers are generated using orly,,Co3,R12,Ro3. The games in a layer have
one common featureCy o, Co3, Ri2, Ro3 leave the positions of the most preferred
elements unchanged for both players.

Each of the layers is a subspace of the larger space ofttizgames. Layers
can be pictured as 6x6 checkerboards. Each square regresesduivalence set
in the space of reals and is represented by a particuta2 &trictly ordinal game.
C12,Co3, R12, Rp3 swaps carry us across the boundary to a game above, belbw, lef

6The effect of the change in the matrix is shown on the rightgi$order graphs” in payoff-
space. In an order graph, Row’s payoffs increase to the aigtittolumn’s to the top. The ordinal
payoff pairs in each column of the payoff matrix are connéctéth a solid line and the pairs
in the rows are connected with a dotted line. (The differamd correspond to “inducement
correspondences for the Nash situation,” as defined by Gezgiji7]) With the solid and dotted
lines, the figures on the right of Figure 1 are complete giat®rm representations of thex22
games presented in matrix form on the left. When the pay@f€sps ordinal, as in this case, we
call the graph an ‘order graph’.

or right of the first. These games are the nearest neighbAlireugh theCzs, Ra4
swaps are not shown on the checkerboard, the image is $tifubhéor visualizing
the relationships among the games. Thg R4 swaps connect the four layers.

Each layer, it turns out, can be graphed as a foassn figure 3, which shows
a mesh with 36 intersections first rolled into a tube then berform a donut.
These toroidal layer structures are the largest simpleldgpal features of the
2x 2 games.

Layer 3 provides an example of how the periodic table captilietopological
basis of a familiar category. In the Rapoport, Guyer and Gotgipology the 36
games which have the payoff combinatigh4) constitute a “phylum” that the
authors call the “no conflict games”[8, 9]. The games all apmn layer three,
which which is a compact set of games in the topological sjiaaeces by the
swap operator.

3.3 boundaries between games

The sets of 8-vectors represented by a given strictly ofd@na2 gamesare open
sets. The edges that form the boundary between a game anctigpour are
defined by the presence of at least one tie for either playethd checkerboard
representation the lines represent games with ties. Wheieohntal and vertical
boundaries meet there are two ties, one for the row playeoaador the column
player.

We can imagine extracting just the edges as a separate .obfettobject can
be understood as a sponge, a membrane enclosing bubbleacef apa higher
dimension. For a given square on the checkerboard therenbréonr sides and
four corners because tki&,, R34 swaps are suppressed. Figure 2 shows how the
checkerboard example on a layer maps onto a volume withsfdoahing the
boundary with each of the six neighbours.

4 Introducing tiesformally: the half-swap

A half-swap brings a pair of consecutive ordinal payoffs to equivalerieer ex-
ampleriz = {1 — 2 OR 2 — 1}, the half-swap version of R12, makes the two
lowest payoffs for a player equal. Applied to a strictly orai game, it yields a
game on the boundary between that game and one of its stoictigal neigh-

"Orthogonal cyclic operations of order three or more alwagrsegate a torus.



tie for Column

two ties

tie for Row

Figure 2: the skin of a typical game

bours. The new game has only three distinct outcomes for Rtw.two games
in figure 4 illustrate a1, half-swap.

Kilgour and Fraser[4] introduced a convenient approacthéo2x 2 games
with the observation that a player’s payoffs fall into oneeajht preference or-
derings. They began with the degenerate case in which aliffsagre equal and
added variety to generate eight distinct payoff patterns:

A 1111 E 1,222
B 1,112 F 1223
C 1122 G 1233
D 1,123 H 1,234

Notice that each player will have an ordering and that, exéapordering A,
each ordering corresponds to many matrices. Ary2Zan be classified with two
letters. For example,

L R | L R
U[30,50 20,50 [2,2 1,2
D|7.0,50 70,40 3,2 3,1

is in category GE (ie (1,2,3,3),(1,2,2,2)), with the rowtpat identified first.
With 64 = 8 x 8 possible combinations, this construction leads to a cotint
1413 2x 2 ordinal games instead of the conventional figure of 726[8, 2].
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Figure 3: Torus

O111
L R 4
1,4 33 3
22 41

4 2
L R
1,4 33 » 1
1,2 41 1 2 3 4 1

Figure 4: Example: the lower half-swap,

Kilgour and Fraser’s notation does not capture informagioout which games
are adjacent. Any game with pattern 1,1,2,3 (D above) is fasinadp from two
games with 1,2,3,4. An alternative - and admittedly clumsgtation, the player's
payoffs are defined as 12,3,4 and deployed in a bi-matrix lisM®® The game
with the repeated payoff for the row player is shown betwéernwo strict ordinal
games.

8The intuition of this notation is that ties occupy multiplesitions in a ranking. If two are tied
for top spot, the next rank is third, not second.



Kilgour and Fraser H G F D E C B A

Distinct 4 3 2 1

Payof fs 1,2,34| 1,2,34 1,234 12,341,234 12,34 1234 1234
A 1 1234 eeee 6 3 3 3 1 3 1 1
B 1234 o | 24 | 12 12 12 | 4 6 4 | 1
C 2 1234 .." 36 18 18 18 6 12 6 3
E 1234 o | 24 12 12 12| a4 6 4 | 1
D 12,3,4 ..°' 72 36 36 36 12 18 12 3
F 3 1,234 .-' 72 36 36 36 12 18 12 3
G 1234 & | 72 36 36 36 12 18 12 3

]

H 4 1234 ° 144 72 72 72 24 36 24 6

Table 1: Categorization of the 1413 ordinak 2 games

5 Classifying nonstrict games

Table 1 enumerates the games by number and type 9f tie.

5.1 Reationship of Table 1totheperiodic table.

The periodic table is an arrangement of the 144 strictlyraid? x 2 games. Ta-
ble 1 is an arrangement of 1413 ordinal games. In Table 1 wgiimaahat moving
to the right represents applying a column half-swap to arth@fgroup of games
in the section to the left. The bottom row of Table 1 has folisc&he first cell on
the left contains the 144 strictly ordinal games. The nektamntains the result
of applying the three column half-swaps once. Recallingj¢lagh swap connects
two games, there are 72 boundaries associated with eactoswalf swap'® The

9To get the count proposed by Guyer and Hamburger or KilgodiFaaser, expand the groups
of games on the diagonal of Table 1, then simply delete atyétmees above (or below) the extended
main diagonal. (Notice for example that for the 144 game&i@lower left, the extended main
diagonal consists of the 12 symmetric games.)
19Each boundary is shared by two games.

second cell therefore contains three sets of 72 in whichdhern player has one
tie (Kilgour and Fraser's HG, HF, and HD). The three sets iicWithe row player
has one tie are enumerated in the cell above the number 144eBx 72 =432
games include the games represented by the lines of thearheekd in subsec-
tion 3.3.

The points at which lines cross on the checkerboard appehae &8k 36 = 324
games enumerated in the block above and to the right of thestti¢dly ordinal
games. That cell has nine groups of thirty-six, each groppeienting one of the
nine ways to combine a row and a column half-swap. and eachhhliing the
number of games again. All 900 games in the lower left fouckdoof Figure 1
are represented as areas, lines or points in the period& tabe rest of Table 1
is not represented in periodic table.

5.2 Gamesfar from the periodic table

The top row (A* )and right column (*A) of Table 1 includes albignes in which
at least one player is completely indifferent. Block AA igthnique completely
degenerate game in which both players have choices buengigie about out-
comes. It might be argued that all the A games are degenefafdayer that
is indifferent has no self-interest at stake and therefoeegame-theorist’s usual
first-order approximation of behaviour is unavailable. @& dther hand, we sim-
ply do not know how people behave in such situations. Envstiiam, or a sense
of fairness might come into play, and in fact such games, oragathat are very
close to them, might be ideally suited for exploring how thesotives enter be-
haviour.

Row and column C are also of special interest because plageestwo ties
that each appear in two outcomes. In one third of these gampkyers is com-
pletely in control of her payoff, the strongest possiblesoaisa dominant strategy,
and if purely self-interested, indifferent to the otheryggs choices. Like the “A’
games, these might be considered degenerate. In anothéiofithe game the
player is completely at the mercy of the other player. The ¥figatterns have
an elemental simplicity. As a result, block CC contains wiéiht be seen as

the archetypes of the:22 games. The most common examples of coordination

games and constant sum games are at the exact center obitks-bl
Block CC stands out in another way. The numbers on the pesitiago-
nal of Table 1 are perfect squares, with one exception. ThéCe) based on

UThis is a statement that only makes sens if you have a topainglye games.
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r12,r34,c12,c34 half swaps contains only 12 games. Thguilaety stems from a
foundational assumption that is explored in depth in Rafirend Goforth (2005).
The CC set also contains the only symmetric2game that contains no outcome
with equal payoffs:

L R
U | 12,34 34,12 or, more familiarly, U
D | 34,12 12,34

Figure 5 is a directed graph representing the all possibieswacollapse the

strictly ordinal payoffs forone player. It represents a movement from bottom to

top in Table 1. Parallel sides in the figure represent the dzaifeswap. From
the strict ordering, H, there are three possible half-swagzatterns with three
distinct payoffs, D, F, G. From each of these, there are tvgsipte half swaps to
patterns of two distinct payoffs, B, C, E, then a final halfapWrom each of these
to the degenerate caseA.

Table 1 provides an example of how four sets of games collapseresult of
repeated application of half-swaps. The asterisks reptesy payoff pattern for
the column player.

6 Conclusions

Games with ties are often used in empirical research as wé#aching, and in
fact indifference may be very common in practice. We know ofattempt to
determine whether ties are common in everyday life or whgtkeple have in-
teresting strategies for dealing with ties. The assumgtiahplayers can rank all
outcomes strictly is rather strong, as is the assumptiarptagers bother ranking
all outcomes. Furthermore, we simply don’t know whether fde that games
with ties are a set of measure zero in the 8-space of th@ games is relevant
in practice. Are people “splitters"who make extremely firistidctions, or are
people generally “lumpers” who consider payoffs equivakren when they are
clearly of different magnitude? Are people consistent imithhemselves on this
matter, and do people behave in a similar way when faced withas payoffs.
These are empirical questions of some importance.

To deal with such questions we do need tools that allow usné tigorously
about which payoff patterns are similar. By extending thmtogy induced by the

2application of the half swap operations is commutative.(r32(H)) = r12(G) = E = r34(F) =
r34(r12(H))
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H*

D*

C*

A*

\ L R | L R | L R \ L R
ull* 4* ujl* 3* Uuij2* 4,* ulz2* 3%
D|3* 2,* D|4,* 2,* D|3* 1,* D|4* 1,*

ri2 134 34

\ L R \ L R | L R | L R
U|12,* 4,* u|i12,* 3,* Ul 1,* 34,* Ul 2,* 34,*
D| 3,* 12,* D| 4,* 12,* D|34,* 2,* D|34,* 1,*

r34 r12
L R
Ul 12* 347
D|34* 12*
r23 l
| L R

U | 1234 1234*
D | 1234 1234*

Table 2: Collapsing a set of games to a smaller set with tigsanop C*

12

G*
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Figure 5: Paths from no ties to all ties

structure of preferences to the non-strictly ordinal 2 games we have provided
some of the necessary machinery.
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